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In his “Child’s Garden of Verses” Robert Louis Stevenson 
says simply but poetically: 


“‘ The world is so full of a number of things, 
I’m sure we should all be as happy as kings.” 


This catches the spirit of the Mengenlehre, and may well be 
taken asits motto. In more homely phrase the mathematician 
and physicist declare that the world is made up of an infinite 
number of things. Hence in thought and nature we have to 
consider numbers which are infinite. Even though they be 
not actually infinite, they are so enormously, unthinkably 
large that they can be most advantageously handled by 
regarding them as infinite. Such a mode of treatment was, 
of course, foreign to Greek thought. But, as you all know, 
the classic Greek mathematics was straitened by its failure 
to admit the infinitesimally small and the infinitely great 
magnitudes of the calculus. In somewhat similar fashion 
modern mathematics was long hampered by the lack of a 
mathematical theory, not of the potentially infinite quantity 
of the calculus, but of actually infinite aggregates. It was the 
incalculable and distinctive service of Georg Cantor to have 
perceived the urgent need of such a theory. Minerva-like 
and full panoplied it sprang from his teeming brain. Already 
its achievements have been very great, but it is far from 
maturity and its full powers are still to be revealed. 

The influence of this new theory of infinite aggregates was 
first decisively felt in the theory of functions of the real and 
complex variables, where infinite sets of points, often irregular 
in character, frequently present themselves; for example, the 
discontinuities of an integrable function or the singularities 
of an analytic function, either of which may occur in infinite 
number. Here also, in the function-theory, its richest fruition 
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has been attained. Three stages in the history of the Mengen- 
lehre have been distinguished by Borel.* At first an offshoot 
or branch of the function theory, it soon reached a stage of 
independent existence where it was studied by and for itself. 
But its methods and ideas so rapidly permeated the function- 
theory that a third period is distinguished by Borel, in which 
its essentials have been re-absorbed into the function-theory. 
The time would appear to be opportune for a general view of 
their mutual interaction, but inasmuch as this is so well-known 
in many of its aspects,t I have preferred to consider other 
bearings of Cantor’s theory. 

Quite in contrast with the definitive effects in the function- 
theories is the plastic and vitalizing action of the Mengenlehre 
upon logic and philosophy. This may well be considered as 
beginning a fourth period, formally inaugurated at Paris 
last April in the first international congress for mathematical 
philosophy. Considered abstractly, Cantor’s theory led in- 
evitably to questions regarding the modes and soundness of 
reasoning upon infinite aggregates. Certain well-known anti- 
nomies resulted, demanding imperatively a solution. This 
has been generally sought by abandoning Cantor’s definition 
of a setf as any collection of definite and well-separated 
objects of perception or thought. For how otherwise can we 
make sure, as we certainly must, that there is no contradiction 
lurking in the set of objects brought together? By what, 
then, shall Cantor’s definition be replaced? Must we confine 
ourselves to sets of objects each of which has been clearly 
defined in a finite number of words? The child begins to 
think on the world around him, undeterred by the considera- 
tion that the number of objects is limitless while he can reason 
in only a finite number of words. Numberless errors are made 
by him, the discovery and correction of which enhance his 
knowledge and power. Likewise in the early renaissance 
Cavalieri, Kepler, and others argued most imperfectly on 
indivisibles and infinites. But out of their thinking sprang 
ultimately the most powerful branch of mathematics. Un- 
doubtedly great dangers lie hidden in reasoning on infinite 
classes of distinct objects whose elements have not all been 

* Cf. Revue générale des Sciences, vol. 20 (1909), p. 315. 

t Various aspects are well presented by Borel; loc. cit. 

t “Unter einer Menge verstehen wir jede Zusammenfassung von be- 


stimmten wohlunterschiedenen Objekten unserer Anschauung oder unseres 
Denkens zu einem Ganzen.” Math. Ann., vol. 46 (1895), p. 481. 
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defined and separated from one another by a finite number of 
words—for example, the points of a continuum. Principles 
may be used which subsequently will be discovered to be 
false, or at least more restrictedly true than had been 
imagined. But is this a sufficient cause for abandoning the 
so-called idealistic reasoning? Is it not rather a true mode 
of discovery? By boldly plunging forward in idealistic reason- 
ing shall we not avoid the danger of falling into sterile rules 
of thought? Or, to the contrary, shall we thereby merely 
stumble into the pit we are trying to avoid? Is the Princip 
der Auswahl sound, or mere sound? Does mathematical 
reasoning involve principles which cannot be embraced in 
the syllogism, as claimed by Poincaré and denied by Russell; 
for instance, the principle of mathematical induction? Such 
questions as these, and many others, are merely an indication 
of the fermentation started by the Mengenlehre which has 
resulted in the re-creation of a department of mathematical 
logic and philosophy. 

Into the consideration of this new and potent, but most 
abstract influence of the theory of aggregates I also do not 
propose to enter. My interest today lies neither in its best 
nor least formulated influence. It was the expectation of 
both Cantor and du Bois-Reymond that the theory of point- 
sets would become very useful in the field of mathematical 
physics. This expectation has been so little realized that 
even to the present time it is commonly said that no applica- 
tions are there to be found. Though, indeed, as yet the 
applications to astronomy and physics are but few, they seem 
to me of great significance and promise. In fact, dynamics 
must always be deeply dependent for its development upon 
geometry, since dynamical trajectories are special cases of 
geometric curves. It seems to me, therefore, fitting to 
consider simultaneously: The service of the point-set theory 
to geometry and dynamics. 

The réle of any great branch of mathematics may be due 
to one or more of three causes,—its fundamental concepts, 
its distinctive methods, or its principal results. In the case of 
the point-set theory the réle has been determined chiefly by 
its concepts and methods, which are intimately related. The 
greatness of a mathematical method or concept—for example, 
the notion of a group or of a differential coefficient—may be 
tested by its simplicity and universality. As has been so 


| 
| 
| 


324 THE ROLE OF THE POINT-SET THEORY. [ April, 


often said, the human intellect demands economy and con- 
venience of thought. The scientist selects such principles as 
fulfil this demand and calls them true and fundamental. Not 
less imperative is it in mathematics to search for those con- 
cepts, methods, and theorems which are simple and widely 
applicable. This, let me urge parenthetically, is a lesson 
we may well ponder if our ambition for the greatness of 
American mathematics is to be attained. Judged by the same 
standard, the point-set theory is strong in both its methods 
and concepts, but preeminently in the latter. 

To Georg Cantor was granted the rare fortune and merit 
to have uncovered more than one great concept. Some of 
his notions, as for instance the “power” of a set and the trans- 
finite ordinal number of the first class, have as yet found their 
application almost wholly within the function-theory, and 
these I shall have no occasion to introduce. The concepts 
which I shall need are only five in number. Two of these are 
the familiar notions “limit point” and “everywhere dense,” 
which antedate the work of Cantor. It was Cantor, however, 
who focused the search light upon the totality of the limit 
points of a given set, and called this totality the “derivative” 
or “first derived set” of the given set. The fourth concept is 
that of a “perfect set,” which results when a set coincides 
with its derivative, so that it contains all its limit points and 
nothing but these. The fifth and last notion is perhaps 
Cantor’s greatest concept, that of a “countable” or “enumer- 
able” set, with which every one is familiar.* In particular, 
he showed the set of algebraic numbers to be countable. 

On this concept of countability is based the modern analysis 
of the continuous interval, which lies at the bottom of ordinary 
geometry, be it euclidean or non-euclidean, two-dimensional 
or n-dimensional. Every well-informed mathematician knows 
how at last a satisfactory foundation for a continuous number 
system was discovered by Dedekind. His memoir of 1872 
in which this was published is contemporary with Cantor’s 
earliest publications relating to the Mengenlehre and may 
worthily be regarded with Cantor’s work as the chief 
spring of our point-set theory. Starting with the system 
of rational numbers arranged in natural order of magni- 


* A set is said to be countable when by proper selection we can count 
its elements, “‘ one, two, three,”’ etc., ad infinitum, omitting no element and 
reaching each element at some time in our count. 
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tude, Dedekind considered the cuts through the system 
which divide it into two parts, lying to the right and left of 
the cut respectively. Wherever there was a “gap” caused by 
the cut—i. e., neither a last element before the cut nor a first 
element after the cut—he filled in the gap with an irrational 
number. A definite type of order (the “order-type” 6) is 
thus obtained for the continuous number system created. 
In accordance with this analysis a continuous interval becomes 
merely an ordered aggregate of separate points, non-countable 
in number because the gaps in the system of rational points 
in their natural order were shown by Cantor to be non- 
countable. Hence the mathematical continuum or matrix— 
and, if you so will, the physical ether to correspond—is 
resolved into separate but ordered constituents with a reality 
and discreteness comparable to that of a row of marbles 
extending infinitely far to right and left. 

It is worthy of remark that this “arithmetization” of the 
continuous interval is in everyway parallel to the recent 
progress of physics, which tends more and more to become a 
theory of discrete molecules, atoms, and electrons. Even the 
existence of the matrix or ether in which these are imbedded 
has become problematical and open to suspicion. To the 
atomic structure of a continuous region, if I may call it that, 
the mathematician also has been driven by the necessity for 
clear thinking. The question whether anything ean be 
gained for physical theory by supposing our continuous space 
or ether to be characterized by a higher and more complex 
order-type has, so far as I know, not been even broached. 
Within our present continuous space the point-set theory 
enables us increasingly to consider different groupings of 
points. In his Houston Lectures Borel has remarked how 
different physical theories require and engender different 
mathematical theories. Thus the differential calculus tallies 
with a physical theory of continuous matter. It seems by no 
means a wild fancy that because of its essentially atomic 
structure the point-set theory may develop into an indispen- 
sable tool of an atomic physics. 

The analysis of the continuum is closely connected with 
one of the characteristics of modern geometrical development, 
the search for an axiomatic basis. While too much should 
certainly not be claimed for the point-set theory in this regard, 
it is probably not too much to say that it has given, in a 


326 THE ROLE OF THE POINT-SET THEORY. [ April, 


general rather than a specific way, a strong impulse to this 
search, though, of course, one entirely secondary to the 
impulse imparted by the non-euclidean geometry. Yet even 
more than the latter, it involves a most careful critique of 
geometrical relations. Historically considered, it is difficult 
to believe that Hilbert’s Foundations of Geometry could 
have been written before a considerable development of 
point-set theory. Be this as it may, the réle of the theory 
becomes clear and explicit in one of Hilbert’s later communica- 
tions* on the Foundations of Geometry which lays the 
foundation for geometrical motion. 

In this memoir Hilbert achieved the solution of a problem 
of non-euclidean geometry proposed long before by Riemann, 
who (with Helmholtz) was the first to attack this subject 
upon the analytical side. Taking space as the “Zahlen- 
mannigfaltigkeit” of analytical geometry, Riemann asked 
what properties must be imposed upon this number-spread to 
give it the character of an ordinary geometry, though not 
necessarily a euclidean one. His fundamental concept and 
tool was the element of arc, to which his axioms relate. But 
to build a finite geometry upon the element of arc, integration 
is necessary.t Now neither the notion of integration nor of 
an element of arc is fundamentally simple. Hence his solution, 
as also for other reasons, cannot be regarded as satisfactory. 
Later the problem was attacked by Lie, whose attention had 
been called by Klein to the fact that the notion of a continuous 
group was involved in both Riemann’s and Helmholtz’s work 
on non-euclidean geometry. Lie’s axiomatic handling of the 
problem by the use of the continuous group is also very far 
from elementary, since in defining the group he employs only 
transformations which are represented by differentiable func- 
tions. Also for the same reason his results are restricted in 
generality. 

Such was the condition of the problem when it was attacked 
in 1902 by Hilbert. His communication is in his best style 
and has the elegance always characteristic of his geometrical 
work. He lays down just three axioms of motion, which I 
shall not stop to explain but which may be expressed tersely 
but vaguely as follows: 

1. The movements of the plane into itself form a group. 


* Math. Ann., vol. 56 (1902), p. 381. 
¢ Cf. Lie-Engel, Theorie der Transformationsgruppen, vol. 3, p. 395. 
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2. Every (“wahre’’) circle contains infinitely many points. 

3. The movements form a closed system. 

A geometry based on these axioms is then proved to possess 
the character of either the euclidean geometry or the hyper- 
bolic geometry of Bolyai and Lobachevsky. In the proof 
Hilbert sloughs off entirely such unnecessary elements as 
differentiability and even the employment of functions. 

The memoir is a splendid interweaving of the basal con- 
cepts of two great subjects, the group and point-set theories. 
From almost the first line to the last it is saturated with the 
notions and methods of the point-set theory. I know of no 
more beautiful application of the theory to be found anywhere. 
I have chosen it therefore as a peg on which to hang some of 
my remarks. 

First of all, I wish you to notice that the point-set theory 
must enter indispensably into problems like this, which deal 
with the foundations of geometry and seek the most general 
conditions under which our space theorems and assumptions 
are to hold. For when the axiomatization of geometry 
passes beyond its simpler stages, we must begin to consider 
infinite aggregates of points, duly grouped and arranged. 
Hence point-set theory implicitly or explicitly begins to enter. 
We have not merely to decompose a theorem or assumption 
into simpler fundamental elements and relationships, but in 
the synthesis which follows we have also to combine into sets 
all points or curves which fulfil certain conditions. Thus 
when Hilbert considers all possible motions of a plane into 
itself which leave a particular point unaltered, he must show 
that the different: positions taken by any other point form a 
set of points infinitely dense in themselves and closed, in 
other words, a perfect set; that this perfect set has the order 
type of the linear continuum, consisting of an ordered count- 
able set of points dense in itself and their limit points; that 
this linearly ordered set is a closed Jordan curve containing 
in its interior the fixed point of the motion; that these Jordan 
curves of motion enclose one another like the set of concentric 
circles; and so on. In this manner he demonstrates that in 
any motion of the plane which leaves a fixed point invariant, 
the path described by any point possesses all the essential 
characteristics of a circle viewed in the light of analysis situs. 

Furthermore, Hilbert’s problem is typical of an ever 
increasing number of problems in which we have to settle the 
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exact geometrical character of a set of points, the locus being 
often constructed point by point through some analytic process 
with a final combination of them into a whole. Frequently 
the condensation method is applied, of which I shall speak 
later. The problems may differ widely in character, ranging 
from the consideration of such abstract loci as Hilbert here 
obtains to the determination of the nature of a dynamical 
trajectory or of the set of singularities of an analytic function. 

A third aspect of Hilbert’s work which I wish to emphasize 
is that it belongs to the province of analysis situs. The plane 
with which he is dealing is defined as a system of points or 
“Dingen” which can be referred by a one-one correspondence 
to the finite number plane or a portion (Teilsystem) of the 
same. Some of you have doubtless been already asking what 
is to be understood by the term “movement of a plane” into 
itself which I have been using. By Hilbert’s definition this is 
any continuous 1-1 transformation of the number image of 
the plane into itself which leaves unaltered the sense of a 
circuit around any Jordan curve of this image-plane. Hence 
by very definition the problem is one of analysis situs. The 
increasing importance of this branch of mathematics need 
scarcely be argued here. Ever since Riemann revealed the 
importance of the “genus” or “class” for a Riemann surface 
and for the corresponding functions, the qualitative distinc- 
tions of analysis situs have proved to be fundamental for the 
detection of differences in analytic or geometric theories and 
for their differentiation one from another. Now it is this 
province of mathematics which is today being invaded by the 
two allies, the function-theory and the theory of point-sets, 
and so successfully has it been invaded that its independence 
has been almost lost.* It remains only to determine which 
of the two allies will annex it or how they will divide the spoils. 
In his report at the Zurich International Congress (1897) on 
the “Development of the general theory of analytic func- 
tions in recent time” Hurwitz stated “die Aufgabe der 
Analysis Situs” to be this, “die Invarianten der einzelnen 
Klassen von Punktmengen auszusuchen.” I wish to preserve 
my neutrality, but I venture nevertheless to interpret this as 
an early prediction of the annexation of analysis situs by 
the theory of point-sets. As examples of invariants of analysis 


* However, one large division of the subject has been scarcely affected 
by the methods or ideas of point-set theory. 
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situs which are unaltered by any continuous 1-1 point trans- 
formation, I may cite such concepts as limit-point, a perfect 
point-set, the power of a point-set, and the accessibility or 
inaccessibility of a specified point of the boundary of a region 
by means of a path from any interior point which, save for 
its terminal boundary poizt, lies wholly in the interior of the 
region. Examples of invariantive properties are expressed 
in the familiar theorem that a Jordan curve divides the plane 
into two regions, also the theorem of Brouwer that the number 
of dimensions of a space is unaltered by a continuous 1-1 
transformation; and so on. 

The enrichment of geometry by the theory of point-sets is 
by no means confined to the department of analysis situs. 
The new theory has shown itself strong—I might almost say 
unexpectedly strong—on the quantitative as well as on the 
qualitative side. As early as 1882 an effort was made by 
Hankel to attribute content to a discrete set of points. This 
concept contributed a new element to the growth of the theory. 
In the more comprehensive form of “measure” devised by 
Borel and Lebesgue it becomes a powerful agent for quantita- 
tive discrimination between sets of points. Thus the rational 
points in an interval are given a measure 0 and in consequence 
become negligible in comparison with the irrational points, 
whose total measure is equal to the length of the interval. 
With this keen-cutting instrument, measure, Lebesgue has 
sharpened Riemann’s definition of an integral or, more 
exactly stated, has fashioned a new integral to take its place, 
far more comprehensive and for theoretical purposes much 
more powerful. It is true that the new integral has been 
little applied as yet in geometry, but its usefulness in analysis 
leaves little doubt that it must eventually become important in 
geometry also. Such intuitive ideas as the length of a curve or 
the area of a surface involve much difficulty as soon as we leave 
the simpler cases, and require the use of measure or other 
point-set analysis for their development. By point-set means 
various species of curves have been distinguished, such as Jor- 
dan curves, rectifiable and non-rectifiable curves, space-filling 
curves, the Lebesgue-Osgood curves with areal content, and so 
on. I may also mention Lebesgue’s developable surfaces which 
are not applicable to a plane, and applicable surfaces which are 
non-developable. These specifications will suffice to indicate 
the enrichment of geometry through new ideas. A large num- 
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ber of the familiar geometrical concepts, such as the instan- 
taneous curvature of a curve or a surface, were brought in 
through the differential calculus and begot a differential 
geometry. Is it too much to expect that new ideas of a 
totally ‘different import will cause the creation of a corre- 
sponding geometry? 

Taken as a whole, the point-set theory is conspicuously 
and characteristically free from formulas. It strikes beneath 
the formula, which usually limits by its concreteness and 
definiteness. This absence of equations and formulas is an 
indication both of strength and of weakness. The sword cuts 
both ways. The point-set theory becomes less useful as the 
problem becomes more restricted and regular, in particular 
when the domain is a continuum and the problem falls under 
the differential calculus in which the functions are so highly 
civilized as to be both continuous and differentiable. At 
first thought there might be some surprise at the almost 
complete absence of point-set considerations in the differential 
geometry. I was much interested to find that one of my 
well-informed colleagues had thought of point-set theory as a 
tool especially adapted for use “im Kleinen”—to use a sig- 
nificant term of Osgood. To me, on the other hand, it had 
appealed because of its power “im Grossen.” In its essential 
nature it seems to me more allied to integration than to dif- 
ferentiation. It is, of course, true that such concepts as limit 
point or point of condensation in the Lindeléf sense* apply 
not merely im Kleinen but im infinitesimalen Kleinen; that 
is to say, when the region or interval containing the point must 
be indefinitely contracted. The most characteristic point-set 
methods also involve an analysis im Kleinen. On the other 
hand, the greatest concepts of the theory, such as count- 
ability, derived set, perfect set, are concepts im Grossen. 
Thus while in the two latter we consider the limit points of the 
set, our attention is turned to the totality of such points. 
Similarly, the most common point-set method is one by 
which a property im Kleinen is first established over a dense 
sub-set of points and then extended to all points of the set. 
I doubt not that much of the characteristic strength of the 
point-set theory lies precisely in this union of consideration 
im Kleinen and im Grossen. But the latter is the dominant 
factor conspicuously evinced in the applications. We are, 


‘ * A point in whose vicinity there is an uncountable number of points of 
the set. 
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in fact, no longer content with study im Kleinen and to see 
in part. Modern mathematics demands, and demands with 
increasing insistence, methods which give control over the 
whole of the object under consideration, whether it be function 
or geometrical figure. The point-set theory complies with 
this demand. We have passed through a differential period 
in the development of mathematics. To what extent this 
will be succeeded by a point-set period it remains for the 
future to disclose. 

I have said that the theory has had little or no application 
in the differential geometry of curves and surfaces. I must 
not, however, omit to mention one great application to geo- 
desics upon surfaces of negative curvature made by Hadamard 
in a memoir* wonderful for the extensive qualitative results 
obtained with most sparing use of formulas. His attention is 
not confined in the usual manner to a single geodesic curve but 
he considers these curves in theirtotality. Asin Poincaré’s work 
on differential equations, so here success is obtained because 
he dares the whole. The surface of negative curvature may 
have any number of nappes stretching out to infinity, and 
may be pierced, somewhat like an anchor ring, with any 
number of holes. Four kinds of geodesics are distinguished: 
(1) closed geodesics and (2) those which are asymptotic to 
these, (3) geodesics which lie in finite space but are neither 
closed nor asymptotic to closed geodesics, and (4) geodesics 
which run off to infinity. If the connection of the surface 
is greater than 2, there is a countably infinite number of 
closed geodesics, and they form a set “condensed in itself,” 
to apply a term of Hadamard which is not quite self-explana- 
tory.t{ But the most interesting result relates to the set of 
geodesics which pass through any point of what is termed the 
“finite part” of the surface. The directions of those geodesics 
through the point which do not go to infinity form a perfect 
set of directions nowhere dense, the interior of the intervening 
sectors being filled with geodesics which run to infinity. 
Thus the notion of a perfect set nowhere dense has here its 
analogue in the set of directions at a point which belong 
to geodesics of the first three species.t 

* Liowville’s Journal, ser. 5, vol. 4 (1898), p. 27. 

¢ The exact meaning is explained on p. 55 of his memoir. 

t Point-set considerations of other character enter into the investiga- 
tions of geodesics upon closed polyedral surfaces by Stackel and Rodenberg; 


Rendiconti del Circolo maiematico di Palermo, vol, 22 (1906), p. 141, and 
vol. 23, pp. 107, 111. 
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This work of Hadamard is the last specific example which 
I shall cite of the influence of point-set concepts upon geo- 
metrical theory, and in some ways it is the most remarkable 
one because the notion of a perfect set nowhere dense is not 
only carried over without modification from a set of points to 
a set of curves but is actually and unexpectedly realized, 
not through some artificially constructed example but in 
practical study. The example emphasizes the importance of 
the extension of point-set theory to sets of curves. For this 
a further development is necessary. Fréchet has done pioneer 
work in laying foundations for a theory of infinite sets of 
objects other than points, and I may also refer to the investi- 
gations of Arzela, Moore, and others. The incipient geometry 
of infinitely many variables is also closely related and seems 
destined to have a very considerable importance. But what 
seems particularly desirable is concrete application and con- 
crete study of sets of curves because of the broad field of 
application in geometry and dynamics. In this connection I 
should not forget to refer to Volterra’s work on differentia- 
tion with respect to a curve, which involves point-set con- 
siderations to a much greater degree than does the ordinary 
differential calculus. But while reference to it here as an 
outcome of point-set theory should not be omitted, I regard it, 
more strictly considered, as forming a distinct branch of 
mathematics, lying like the differential calculus, just without 
or within the point-set theory according to one’s point of view. 

The service of the point-set theory to geometry has not 
by any means consisted solely in its fertilization of geometry 
through new ideas, but almost equally in its introduction of new 
methods. Time altogether fails me to enter adequately into 
this aspect of the subject, and it is less necessary because the 
methods have been in some slight degree implied in preceding 
considerations and are involved still more in those which 
follow. I should like, however, to. note incidentally that the 
nature of a point-set entering into a problem often prescribes 
the method to be employed. I shall content myself with a 
single explicit example of one of the most typical methods, 
which I have already termed the condensation method. This 
is taken from Hilbert’s* proof of the existence of geodesics 
upon surfaces of analytical character. 


* Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1899), 
p. 185. Cf. also Noble’s Dissertation, Géttingen, 1901. 
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The length of a geodesic line upon the surface is presented 
under the form of an integral between the two given but 
arbitrary points A and B and is to be minimized by proper 
choice of the surface curve between the two points. The 
problem is therefore also one of the calculus of variations. 
The crucial point is to demonstrate, under the conditions given, 
the actual realization of the lower limit of this integral by 
some curve on the surface between the two points. To 
establish this Hilbert selects a sequence of curves between 
A and B whose lengths approach indefinitely this lower limit. 
On each of these curves the middle point is taken. A limit 
point of these middle points gives then a first point Ps, of the 
desired geodesic. The curves between A and Py, and between 
Py, and B are then considered in exactly the same way, and 
two new limit points Py, and Py, are obtained which are points 
of the final geodesic. By continuing in this manner an 
ordered, dense, and countable set of points P,j2. is obtained 
whose derived set is shown to be a curve between A and B, 
the length of which is equal to the lower limit of the lengths of 
all possible curves on the surface between the two points. 
It is therefore the required minimum line or geodesic. By the 
same general method the fundamental and well-known 
existence theorem of Hilbert in the calculus of variations has 
been established.* These are but samples of geometrical 
problems in which the condensation method would appear 
to be almost the only resort. The method is easy and strong 
because it grips the problem beneath the formula close to 
the roots and seems especially adapted to the calculus of 
variations, in which the point-set theory has already played 
a considerable part. 

From the calculus of variations and the study of geodesics 
it is not far to the applications in dynamics. Geodesics are 
indeed a special case of dynamical trajectories. In these 
applications the methods of point-set theory have, I think, 
exerted a greater influence than its concepts, but it is not 
always possible to separate them. The first noteworthy 
dynamical application of which I am aware was made by 

* Hilbert illustrated “ the gist of his method by the example of the short- 
est line upon a surface,” and a further development of the method was given 
by Noble (loc. cit.) and by Hilbert in his lectures. Important extensions 
are due to Bolza, Le e, and Carathéodory. For a general resume see 


Bolza’s Lectures on the Calculus of Variations, p. 245 ff.; also Carathéodory, 
Math. Ann., vol. 62 (1906), p. 493. 
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Poincaré in his study of dynamical stability.* The motion of 
a particle or system was said by him to be stable 4 la Poisson 
when it returns an infinity of times within any prescribed dis- 
tance of its initial position, however small. This is the case 
if the motion is periodic but can also be true when the motion 
is not closed and the system never returns exactly to the 
initial position. In celestial mechanics, the motion or trans- 
formation of space is often one which preserves volumes, 
thus resembling the motion of an incompressible fluid in 
hydrodynamics. This is presupposed by Poincaré. If the 
motion is continuous, we may obtain a discrete transformation 
by considering the change which takes place in some fixed 
but arbitrary time interval T. Suppose now the volume 
to be limited and consider the result of applying the trans- 
formation repeatedly to any initial part Uo of the volume. 
Since the transformation by hypothesis preserves volume 
and the total volume is limited, the iteration of the trans- 
formation must bring this part into some position overlapping 
its original position U». Suppose this to occur after a 
iterations, i.e., at the timea,7. Let Uo be the part common 
to the two overlapping volumes and apply the transformation 
in similar manner to this part. By the same argument it 
must come to overlap itself, say after a time interval aT. 
Let U,™ be the common part, and apply the transformation 
again to this part. Continuing in this manner, we obtain a 
sequence of volumes Uy) (n = 0, 1, 2, ---), contained each 
in the preceding. Now by the well-known theorem of point- 
sets which is the basis of the familiar method of the “Ein- 
schachtelung der Intervalle oder Bereiche,” there must be at 
least one point common to a sequence of closed sets contained 
each in the preceding. If the successive pieces Uo do not 
grow indefinitely small with increasing n, we may confine our 
attention at each successive stage of the reasoning to as small 
a portion of the overlapping volume as we please and thus 
obtain a series of volumes contracting to a single limiting 
point. Take this common point, and beginning de novo, 
apply to it the inverse transformation, thereby reversing the 
direction of motion of the point along its path. Since the 
point lies in Uy"*™, it is easy to see by the reversal of the 
preceding considerations that it must lie in U»™ after the 
lapse of any time interval of the form 


* Les Méthodes a — la Mécanique céleste, vol. 3, chaps. 26 and 
27; in particular, sec. 


{ 


1915.] THE ROLE OF THE POINT-SET THEORY. 335 


— + + * + + 


where each @, é2, «++, €m1 is either 0 or 1. As Up™ may 
be taken as small as we wish by choosing a sufficiently large 
n, it follows therefore that the point returns an infinity of 
times to the vicinity of its initial position, and hence its 
motion is stable 4 la Poisson.* Hence in any volume there 
is one, and consequently an infinite number of points whose 
motion is stable in the inverse transformation; also for like 
reason an infinite number in the direct transformation (or in 
both). 

The question next arises whether these points of stable 
motion should be considered as the rule or the exception. 
Poincaré therefore goes on to prove that the probability of 
unstable motion for a particle is infinitely small. The term 
probability, of course, requires definition. It suffices here to 
say that the probability that a molecule taken at random in 
volume V will lie at a given instant in a given portion U of 
that volume is U/V. In terms of Lebesgue’s measure Poin- 
caré’s conclusion can be reformulated as follows: The set of 
points whose trajectories are not stable has a measure 0, 
and accordingly the probability that a point will not return 
infinitely often to the vicinity of the initial position is 0. 

This conclusion can be extended from particles to systems 
with n degrees of freedom, provided that in the corresponding 
n-dimensional parameter-space there is a volume or other 
invariant integral with positive integrand. Upon this result 
as a foundation rest other theorems of Poincaré which lie 
without my subject. Thus, though point-set considerations 
have entered but little into his work on celestial mechanics, 
they serve to establish a most pivotal result. Their intro- 
duction was, I believe, inevitable and necessitated by the 
very nature of the conclusion. But before discussing this, 
I wish to place beside Poincaré’s result another illustration 
taken also from celestial mechanics. 

One of the fundamental problems of secular variations is 
that of the existence of a so-called “mean motion” for the 
perihelion or node. Much has been writen upon the subject 
since the time of Lagrange, but as it now turns out, prac- 


* Poincaré fails to contract the regions Up and therefore does not 
strictly prove the stability. ‘‘ Plus exactement,” he states, ‘‘ il y aura des 
molécules qui traverseront une infinité de fois ce volume.” 
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tically all subsequent deductions have been erroneous. 
Mathematically, the problem is as follows: Given two real 
series 
sin (git + hy) + 12 sin (got + Ie) + + Sin (Gat + hn), 
7, cos (git + hy) + 12 cos (got + --+ + (gut + hn), 


or the equivalent complex series, 


the) (rn > 0); 


to determine when it is possible to express their sums in the 
form r sin w, r cos w, and re™ respectively, in which the angle w 
is expressible under the form ct + X(¢) where c is a constant 
and X(t) is a limited function of t. Lagrange gave two suffi- 
cient conditions for this,* and remarked that “outside of 
these two cases it was very difficult and perhaps impossible 
to pronounce in general on the nature of the angle.” Recently 
the problem has been completely treated for n = 3 by Bohl,t 
who shows that when the condition of Lagrange fails to hold, 
the determination depends upon two quantities, 
1 
and = (ws + pur), 

in which a, we, ws; denote the angles of a triangle with sides 
Ti, T2, fs. Now from Lagrange’s work it was known that the 
mean motion exists when p is-rational. Bohl shows further 
that for every pair of values (p, £), the ratio w/t has for 
t= + © a limit c, but that, on the other hand, there is a 
set of values everywhere dense in the region | p| < 1,|¢| <1, 
for which the remainder X(é) is not limited and for which 
accordingly there is no mean motion. Since also the points 
(p, ¢) with commensurable p are everywhere dense, Bohl con- 
cludes that it will be impossible ever to ascertain by experi- 
mental data whether or not the mean motion exists. So far 
as I have noticed, Bohl does not actually use point-set theory 
in his proof, though sets of number-points frequently appear. 
More recently F. Bernsteinf has shown by point-set methods 


Crelle’s vol. 135 (1909), 
t Math. Ann., vol. 71 (1911-12), p Te 
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that the total set of points (p, £) for which the mean 
motion exists has a Lebesgue measure 0. Bernstein then 
advances a philosophical or physical principle in which he 
asserts that in physical measurement we can never take 
account of a set of points of measure 0; consequently, for us 
there can be no mean motion except in the Lagrangian cases. 
Into a discussion of this interesting but questionable prin- 
ciple I shall not enter. What I do wish to do, however, is to 
point out that both this result and that of Poincaré are with- 
out doubt typical of the exceeding complications of physical 
nature which must increasingly engage the mathematician’s 
attention. Thus, for example, orbits possessing a specified 
character and those which do not, may be tangled densely 
together in the space of the parameters on which these orbits 
depend. It is to the point-set theory that one must turn to 
control the two sets of parameters both quantitatively and 
qualitatively. Already groups of exceptional points of meas- 
ure 0 have been discovered with considerable frequence in the 
theory of functions. By allowing now for such a set of 
exceptional points in an interval or field we can often obtain 
the necessary or sufficient condition for a desired result, for 
instance in the case of Fourier’s series. Prior to the introduc- 
tion of the Lebesgue measure no general theorems were 
visible because when the cases pro and the cases con were both 
infinite in number, there was no means of overcoming the 
difficulty and reaching a definite result. Undoubtedly, also, 
we must expect to control many phenomena in astronomy 
and dynamics only by admitting a set of exceptions of measure 
0. 
The introduction of measure also broadens the scope of the 
theory of probability, which is so fundamental to a large part 
of physical speculation. For by its use account can be taken 
of infinite sets of discrete points, dense and complicated; 
and more generally, exceptional cases, infinite in number, can be 
brought under the theory of probability by attributing to them 
a probability proportional to the measure of the corresponding 
points in the space of the parameters upon which they depend, 
though care must be taken inasmuch as measure is not an 
invariant of analysis situs and hence may be dependent on the 
parameters introduced. This application of measure is as 
yet prospective rather than actual. In this connection I 
should mention also Borel’s treatment of probability for a 
countably infinite number of cases. 
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Two other aspects of the above discussed work of Poincaré 
seem to me to be also worthy of attention. In the first place, 
to get a grip upon dynamical stability Poincaré abandons the 
infinitesimal transformation and considers instead the result 
of iterating a finite transformation arising in time 7. From a 
single point or an arc traversed in time 7 there arises by 
iteration of the transformation a whole set of points or ares, 
which are capable of point-set treatment. A wide field is 
opened in this manner for the future application of point-set 
methods, especially in dynamics and the theory of geometric 
transformations. As an instance of application to the latter 
subject I may cite my determination* of the form of a one- 
parameter group of projective transformations when a single 
finite substitution is given instead of the generating infinites- 
imal substitution of Lie. I need not plead the prospective 
usefulness and importance of this iterative point-set method 
with those of you who heard Professor Birkhoff’s paper at 
our last summer meeting. But I should also add that in his 
memoir on the movement of dynamical systemst he has ob- 
tained some notable results on dynamical stability by what is 
essentially direct point-set treatment of the infinitesimal 
transformation. 

The remaining aspect of Poincaré’s transformation which 
I wish to recall is its assumed property of conserving volume. 
Later, in his last published memoir,{t Poincaré put before the 
mathematical world an unproved theorem based on a similar 
restriction. If, namely, a circular ring is changed into itself 
by a continuous 1-1 transformation with preservation of areas 
and in such a way that the points of the one boundary are 
moved clockwise and those of the other boundary anti-clock- 
wise, there must be at least two invariant points within the 
ring. Clearly, this is a problem of analysis situs, but with 
an accessory condition of preservation of areas which makes 
it at the same time a problem of hydrodynamics. Professor 
Birkhoff’s§ brilliant solution is, I hope, known to you all. 
His method contains a highly ingenious but, as he himself 
would recognize, somewhat artificial device. The natural 
attack seems to me to be through point-set methods, as was 


vol. 13 (1912), p. 353. 

+ Bulletin de la Société M. Mathématique de France, vol. 40 (1912), p. 

t Rendiconti del Circolo matematico a Palermo, vol. 33 (1912), p. ae 
§ Transactions, vol. 14 (1913), p. 14. 
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apparently the thought of Poincaré. Results of similar 
import in analysis situs, but without the restriction of the 
preservation of volume, have been attained through point-set 
considerations by Brouwer, who shows, for example, that every 
continuous 1-1 transformation of a sphere of even dimensions 
into itself without reversal of circuit sense, or of a sphere of odd 
dimensions with such reversal, leaves at least one point in- 
variaut. It may be confidently expected that many results 
in hydrodynamics will be obtained when the requirement of 
invariability of area or volume is added. 

I turn now from celestial mechanics and hydrodynamics 
to the field of statistical mechanics. Consider a so-called 
gas-model, composed of a very large number N of molecules 
having each r degrees of freedom. The corresponding 
canonical equations of Hamilton, 

dq. OE dp™ OE (s = 1, ---,1r), 


ap.’ dt (k= 1, ---, N), 


involve r generalized coordinates gq, and r moments p, 
and the total energy E. The 2rN quantities ¢,, p, 
determine a “phase” of the system. For geometrical repre- 
sentation a 2rN-dimensional space is required, called the phase 
space (Phasenraum). Now it was a great discovery of Liou- 
ville, made independently a second time by Boltzmann 
and Poincaré, that in consequence of Hamilton’s equa- 
tions volume must be an invariant integral of motion in 
this 2rN-dimensional space. The given value of the energy 
E determines what is called the energy-surface within this 
space, upon which the molecules move in a one-dimensional 
path. As the foundation of their gas and statistical investiga- 
tions Boltzmann and Maxwell assumed that the system was 
“ergodic.” By an ergodic system is to be understood one 
in which a molecule so moves as to pass through every single 
point of the energy surface upon which it lies. Since, further- 
more, there is a unique motion at any point of the phase- 
space, all the particles upon the energy-surface are describing 
one after another exactly the same curve. Now the possi- 
bility of such motion was assumed but not proved ky Boltz- 
mann. Mathematically considered, this is tantamount to 
the assumption of the existence of a space-filling curve without 
double points. For if there were anywhere a double point in 
the path of a particle in the phase-space, the corresponding 
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gas-model would pass twice through the same state, and the 
particle would in consequence begin to repeat its motion 
without describing the rest of the curve. What would have 
seemed more improbable than that the freak space-filling 
curves first invented by Peano could ever have a practical 
bearing! Imagine the scorn of the average physicist for 
such impractical, crazy, mathematical pathology. Yet here 
is a master physicist Boltzmann not merely postulating the 
existence of space-filling curves upon his energy-surface but 
making an impossible assumption, and therefore an actually 
crazy one, that such curves can exist* without double points. 
The proof of their non-existence belongs to the point-set 
theory and results from Brouwer’s theorem{ that it is 
impossible to build two regions of different dimensions—in 
the present casef the (2rN — 1)-dimensional space-surface 
and the one-dimensional time-axis—one upon the other by 
means of a continuous 1-1 transformation. 

The impossibility of an ergodic system has been considered 
also from another standpoint by Plancherel,§ who shows 
that the path of a particle has a surface measure 0 and hence 
cannot fill the energy-surface as desired. It follows imme- 
diately that the number of different path-curves on the surface 
must be more than countable.||_ I may mention further that 
Rosenthal{ has replaced Boltzmann’s supposition by a quasi-: 
ergodic hypothesis, according to which each path on the 
energy-surface comes within any prescribed distance of every 
point of the surface. 

In essence the statistical mechanics is a universal application 
of averages or, in other terms, of a theory of probability. 
It is therefore to be anticipated that numerous other applica- 
tions will be here made of the theory of point-sets. 

The examples which I have brought to your attention are, 
I trust, sufficient to convince you that the point-set theory 
has vital relations to the study of dynamical trajectories as 
well as to geometry. I have preferred to illustrate its réle 
with concrete examples rather than to indulge in abstract 


* Cf. Rosenthal, Annalen der ~~ vol. 42 (1913), p. 796. 


given suffices; cf. Jahresbericht 
Mathemat vol. 7 (1898), p. 
§ Annalen der Physik, vol. 42, > 
'| This is also shown by Rosenthal (1. : ) who employs for that purpose 
Baire’s concept of Faeyr of the first and second categories. 
{ Annalen der 


+t Math. Ann., vol. 70 (1911), 
t For this cage the simple proo 
Deutschen 


hysik, vol. 43 (1914), p. 894. 
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discussion. In so doing we have dug down to the very roots 
of geometry and dynamics but we have also touched the 
branches where the shoots are pushing out. Too much must 
not be claimed. Yet if the point-set theory is not the sap 
of the tree, it is at least one of its most indispensable in- 
gredients. The usefulness of any mathematical theory must 
be determined not by its isolation but by its ability to combine 
with other theories. In this the point-set theory has shown 
itself most elastic. Had I more time I would attempt to 
show you that it offers many of the same advantages as analyt- 
ical geometry. While strong for analysis and decomposition, 
it is equally strong on the constructive side. Complex group- 
ings of points are made simple, and the way is thus prepared 
for new discovery. And above all, in its development the 
arithmetization of analysis is kept close to geometrical intui- 
tion. 

In tracing the service of the theory of point-sets in geometry 
and dynamics, we have found only in part achievement, in 
part present evolution and promise. But it is precisely be- 
cause of this mocking incompleteness that I have chosen for 
my topic today the réle of the point-set theory in geometry 
and dynamics, trusting that for you also this will be its lure. 


University oF WISCONSIN, 
Mapison, Wis. 


AN ENUMERATION OF INTEGRAL ALGEBRAIC 
POLYNOMIALS. 


BY PROFESSOR A. B. FRIZELL. 


(Read before the American Mathematical Society, January 1, 1915.) 


THE proof given by Weber* that the algebraic numbers 
form a countable set orders them according to the values of a 
certain function of the coefficients in their defining equations. 
The present note suggests a more direct enumeration of these 


equations. The algebraic polynomials >> a;z*~ in which all 


i=0 
coefficients are natural numbers can be put into one-to-one 
correspondence with the set of natural numbers by the fol- 


* Algebra, Bd. II, p. 824. 


n 
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lowing device. To every kz’ assign the number p*, where 
po = 2 and p, denotes the rth odd prime when r + 0. To the 
sum assign the product pi - and so on. 
Thus the polynomial z* + 32+ 2 will have the number 
Ps pi: p, = 23 X 11° x 2? = 122,452. Conversely, the poly- 
nomial numbered 360 = 5 X 3? X 2° = pe- pi - p) will be 
2+ 22+ 3. 

The polynomials in which negative integers occur as coef- 
ficients may be put into one-to-one correspondence with the 
set of positive fractions in their lowest terms by substituting 
division for multiplication in the above process. Thus to the 
polynomial z* — 32‘ + 2 will be assigned the fraction 


These fractions can be counted off diagonally from the well- 
known rectangular array where every element in the nth 
row has the denominator n+ 1, and numbered with odd 
numbers, reserving the even numbers for the polynomials 
with positive coefficients, so that finally z* + 32z* + 2 is to be 
numbered 244,904. For example, to identify number 605 
= 2 X 303 — 1, we first obtain the greatest value of n which 


makes 
n(n + 1) 
< 303. 


This shows that number 303 in the rectangular array is the 
third fraction in the 25th diagonal, counting upwards. To 
avoid repetitions we will agree that the highest term in every 
polynomial shall be positive. This requires that the nu- 
merator of each fraction shall contain a prime factor greater 
than any in the denominator. Hence number 303 is 


To determine the number which belongs to z* — 32‘ + 2, 
we count in row 1,330 up.to 92, which is the 41st. Therefore 
92/1331 is in diagonal 1,370. The sum of the first 1,369 
diagonals is 937,765 and the required number is 1,875,611. 

McPuerson, Kans. 


Ps: Py _ _92 
p 1331° 
11 op 
z— 3. 
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MR. PAASWELL’S APPEAL TO PRODUCING 
MATHEMATICIANS. 


BY PROFESSOR C. N. HASKINS. 


It is always a service to the scientific world to set before it a 
definite statement of some of its important unsolved problems. 
Such a service Mr. Paaswell has rendered,* in calling attention 
to certain outstanding mathematical problems of engineering. 
His thesis is, essentially, that the available mathematical 
analysis of these problems is, (a) exact, but impracticably 
complex; or, (b) practicably simple, but inexact; or, (c) non- 
existent, save for empirical formulas. He therefore urges 
producing mathematicians to turn their attention to bettering 
this state of affairs. 

The question naturally arises, “Why does not the engineer 
himself supply the needed remedy?” Mr. Paaswell suggests 
several answers, viz., 

(1) The mathematical curricula of the schools of applied 
science are not sufficiently intensive or extensive. 

(2) Modern mathematical treatises and dissertations are 
so written as to be incomprehensible to those not already 
familiar with the subject.t 

(3) “Hardly any treatise has attempted to discuss or analyze 
the serious problems of the applied science professions.” 

Of these answers (3) is in effect merely a restatement of the 
thesis. The suggestion (1) deserves careful consideration. 
The required mathematical courses of the better schools of en- 
gineering represent very nearly the maximum, both in depth 
and extent, of what can be effectively assimilated and used by 
the average student in such schools. An increase of significant 
amount in these required courses would result either in de- 
priving the engineering profession of many useful and success- 
ful members, or in lowering the general standard of attainment 
demanded in those courses. Unquestionably the student 
engineers of real mathematical aptitude would benefit by the 
suggested increase. On the other hand a large number of 


* BULLETIN, vol. 21 (1914), p. 127. 

Tt Mr. Paaswell also contends that “the tone of modern works is not 
that of disseminating new ideas, but rather that of clothing ideas already 
familiar to readers in slightly different form.” This position seems hardly 
tenable. Witness, for example, the monographs of the Borel series. 
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students who have only moderate mathematical ability, but 
who nevertheless have compensating qualities which will 
permit them to develop into useful if not great engineers, 
would be actually injured by a required course of extent and 
depth seriously exceeding their powers. Furthermore the 
mathematically gifted students would not, unless some 
system of segregation were effected, receive the full benefit 
of the increased course, since they would be retarded by their 
less gifted fellows. An increase in the required courses, there- 
fore, appears to be at best an inefficient way of leading to the 
desired result. Much, however, may be expected of more 
numerous, broader, and deeper elective courses if a suitable 
type of student can be encouraged to avail himself of them. 

Suggestion (2), however, expresses the real difficulty, and 
possibly contains implicitly the key to the solution. 

The problems mentioned by Mr. Paaswell belong both to 
engineering and to mathematics. Now engineering and math- 
ematics are two autonomous but friendly professions. The 
engineer is by virtue of his profession no more a mathematician 
than is the mathematician an engineer. The engineer’s 
despair of keeping up with the trend of modern mathematical 
thought has its exact counterpart in the mathematician’s 
despair of keeping up with modern engineering thought and 
practice. To attack the problems under discussion, however, 
the despairing engineer needs must add mathematics to his 
engineering, or the despairing mathematician engineering to 
his mathematics. Mr. Paaswell suggests the latter alternative, 
the mathematician may well suggest the former. 

The situation described by Mr. Paaswell is, however, not 
unique in character. In the field of public health there exists 
an analogous state of affairs, and in that field remedial meas- 
ures are now being taken which bid fair to lead to a successful 
result,* and from which we may gather ideas applicable to the 
present situation. 

It has been recognized that, while both physicians and 
engineers have developed themselves into successful health 
officers, yet neither the physician nor the engineer is by reason 
of his own professional training alone wholly competent to 
attack with success the problems of the control of public 
health. The demand for officers fitted to cope with these 
problems has led certain institutions to establish distinct 


* Cf. Whipple, G. C., Science, n. s., vol. 40 (1914), p. 581. 
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courses to provide both the medical and the engineering train- 
ing which such officers require. But it is not expected that 
these courses should be a part of the training of every phy- 
sician and of every engineer, nor even that every school of 
medicine or of engineering should establish such courses. 

There already exist under university or government control 
several stations or institutions devoted to research in the 
problems of engineering. This research is naturally largely 
experimental, and these stations provide the opportunity of a 
career for the man who has the aptitude and the desire for this 
work. If such stations enter upon the field of the mathe- 
matical problems of engineering the door will be opened to a 
career in this line also. 

With a definite demand for men competent to attack the 
mathematical problems of engineering will come the induce- 
ment for men to train themselves for the work, and with this 
inducement, a demand for suitable courses. To meet this 
demand a few institutions, already strong in both mathematics 
and engineering, may well organize graduate courses analogous 
¥ those which now lead to the degree of Doctor of Public 

ealth. 


FUNCTIONS OF LINES. 


Lecons sur les Fonctions des Lignes. Par Vito VOLTERRA. 
Recueillies et rédigées par JosepH Pérés. Paris, Gauthier- 
Villars, 1913. S8vo. vi+230 pp. 

TuEsE lectures were delivered by Volterra at the Sorbonne 
during the months from January to March, 1912, and were 
later published as one of the Borel series of monographs on 
the theory of functions. It would be difficult to determine 
precisely the historical origin of functions of lines. Special 
cases of such functions, for example the ordinary definite 
integral or the integrals of the calculus of variations, have 
occupied a large share of the attention of mathematicians 
since the beginnings of the calculus itself. But the conscious 
formulation of the definition of a function of a line and its 
derivative, and the study of a general theory, belong to a 
recent period of investigation in which Volterra has been an 
earliest pioneer. The development of our knowledge of 
functions of lines and their applications, since Volterra’s 
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first published papers on the subject in 1887, has been due 
largely to his enthusiasm and to his confidence in the future 
importance of the theory. 

A function of a line may be conceived as a generalization 
from a function F(y;, yo, «++, Yn) of a finite number of variables 
to a function 


(1) F\[f2(@)I| 


depending upon the infinity of y-values belonging to a curve 
y = f(x) over an intervala <2 <b. This process of passing 
from a conception involving a finite number to a conception 
involving an infinite number of mathematical symbols or 
operations is one of the most striking features of the mathe- 
matical thought of the present time. It is a process whose 
numerous possibilities of application Volterra repeatedly em- 
phasizes in his Lecons, and which has been a favorite instru- 
ment in the prosecution of his varied researches. 

Perhaps the most familiar example of such a process is the 
definite integral, the limit of a sum of a finite number of terms 
as the number of terms is indefinitely increased and the mag- 
nitude of each of the terms suitably diminished. Many 
centuries elapsed while this notion was haltingly developed 
into the basis of the modern integral calculus, and two more 
were required before the full importance was realized of the 
generalization in a similar way of other processes than sums. 
Then within a period of twenty-five years came the theories 
of functions of lines, of linear integral equations as general- 
izations from a finite to an infinite number of linear equations, 
of integro-differential equations as limiting conceptions cor- 
responding to finite systems of simultaneous partial differ- 
ential equations, and of other generalizations of the same sort 
with which the reader is doubtless familiar. It is with the 
three conceptions just mentioned specifically that the Lecons 
of Volterra are primarily concerned. 

In an introductory chapter of great interest he has sketched 
the historical development of the fundamental principles of 
the integral calculus, and has shown how inevitably the tend- 
encies of modern analysis and mechanics, but especially the 
mechanics of heredity, have led to the study of functions of 
lines. The theory of these functions is as yet in its infancy, 
and no final classification or complete discussion of its various 
branches can at present be made. But Volterra indicates 
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briefly at this point the directions of the researches which have 
hitherto been made, and some of the questions which must be 
answered in the future. 


In Chapters II, III, and IV the fundamental properties of 
functions of lines are developed. Let AF be the difference 
between the value of the function (1) taken along the curve 
y = f(x) + ¢(z) with the hump shown in the figure, and the 
value of F along the curve y = f(x) without the hump; and 
let o be the area of the hump. Then Volterra defines the 
derivative of F at the value é to be the limit 


@) = tim 


where h is the length of the interval over which ¢(z) is different 
from zero, and ¢ is the maximum of the absolute value of ¢. 
If F satisfies suitable restrictions this derivative will exist, 
and for a family of variations y = f(z, a) containing the 
curve y = f(x) for a = 0, the formula 


ar = aleve, ood, 
so important in the calculus of variations, can be proved. 


The differentials in this formula are taken with respect to a. 
If F has also higher derivatives of all orders 


whose definitions will be readily inferred, and satisfies other 
suitable conditions, it will have an expansion of the form 


FILf@) + ¥(a)]| = + f 


a generalization of Taylor’s formula. 
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It is not always true that two arbitrarily chosen functions of 
x and y will be the first partial derivatives of a third such 
function. The derivative (2) is really the partial derivative 
of F with respect to only one of the infinitely many variables 
which it involves, namely the value of y corresponding to 
x= &. It is not to be expected, therefore, that an arbitrarily 
chosen function (2) will always be the derivative of a function 
(1). Volterra deduces the conditions under which a function 
of the form (2) will be the derivative of a line function, and 
shows how the anti-derivative may be calculated with the aid 
of a generalization of Stokes’ theorem. 

If a curve y = f(x) minimizes a line function F, the deriva- 
tive (2) of F must vanish identically along the curve. For the 
line functions of the calculus of variations this condition 
leads to the usual ordinary differential equations due to Euler, 
but, as Volterra shows, it is easy to give an example for which 
the equation so found is of the type of a linear integral equation, 
or an integro-differential equation. The state of the theory at 
present does not justify a complete classification of all of the 
types which may arise. 

Another interesting type of equations is met with when one 
attempts to generalize for double integrals the Jacobi-Hamilton 
theory associated with an integral of the form 


F= f V (a, Yi, *s Yi» y,)dx. 


The minimizing curves for such an integral are a family con- 
taining 2n parameters, and the parameters may in general be 
determined so that the resulting curve passes through two 
arbitrarily selected points, (20, ---, y®) and (x, 41, ---, Yn)- 
The integral F is then a function of the coordinates of these 
points, called the extremal integral. It satisfies a partial 
differential equation of the form 


( ) ax ©, Yi, Yn ay’ 
For a double integral 


Sf (#8 ay) 


the minimizing surfaces are solutions z = f(x, y) of a partial 
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differential equation of the second order, and are determined by 
initial values fo(s) assigned arbitrarily to f on a closed contour 
L with length of arc denoted by s. The extremal integral is 
then a function F|[fo, L]| of the contour L and the values fo, 
and the equation corresponding to (3) has the form 


Equations of this type have been studied quite recently by 
Hadamard and Lévy, and are called by Volterra “équations 
aux dérivées fonctionelles.” 

The problem of determining the minimizing curves for a 
function of a line suggests the generalizations of the theory of 
implicit functions which are studied in Chapter IV. The 
equations 


Fi(fi, fos fa; Pi, $2, °° *s Ym) =0 (a 1, 2, n), 


which determine the variables f in terms of the y’s, correspond 
to a single equation of the form 


(4) = 0 


when indices ranging over discrete integers are replaced by 
the index zx ranging over the two continua a <2 <b, 
a’ <2<b’. The forms of this equation studied in detail 
by Volterra are, first, one corresponding to the linear equations 
which give rise to the theory of linear integral equations with 
variable upper limits; second, the case when the function 
F in (4) is the sum of two parts, one involving f and the other 
y, and each part expansible by the generalization of Taylor’s 
formula described above; and, finally, an equation (4) whose 
first differential has a special form. There remain, apparently, 
many cases yet to be studied, but the methods used by the 
author and the results which he has found are most interesting 
and suggestive. 
In Chapter V Volterra begins his study of integro-differ- 
ential equations with a special case. The equation considered 
is 


+52 


|ar = 
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where 


ae 
and u(x, y, 2, t) is to be determined, an equation which he 
designates as the simplest integro-differential equation and the 


most important from the point of view of physics. The equa- 
tion may be regarded as a generalization from a finite system 


i-1 
tut + bu op |-0 (2 = 1,2, ---,n) 


when the indices i and j are replaced by continuous variables 
t and +, and the sum by the corresponding definite integral. 
The methods of treating this equation and the results found are 
analogous to those of the potential theory. There is an equa- 
tion adjoint to (5) whose solutions satisfy a law of reciprocity 
with those of (5). There is a fundamental solution corre- 
sponding to the quotient 1/r in the potential theory, which 
Volterra determines with the help of the process of passing 
from a finite to an infinite system, so often mentioned above. 
Finally, formulas analogous to those oi Green are deduced, 
expressing the values of a solution for ‘ = @ at an arbitrarily 
selected point in the interior of an zyz-domain, in terms of its 
values for 0 < ¢ < @ on the boundary of the domain. 
Chapters VI-VIII are devoted to the theory of elasticity 
and to concepts concerning functions of lines which have 
applications in this theory. The displacements in the interior 
of an elastic body are determined, in the classical theory of 
elasticity, as solutions of a system of partial differential equa- 
tions, with initial conditions on the bounding surface defined 
by tensions or displacements there prescribed. This is for 
the case when displacements at a given time are supposed to 
depend only upon the tensions which exist at the same instant. 
For the hereditary theory of elasticity, when the displacements 
at a time ¢ are supposed to depend’ upon the tensions at all 
times preceding ¢t, Volterra shows that the former may be 
expressed in terms of the latter by means of line functions, 
and that the differential equations for the displacements then 
become integro-differential equations. For the case when the 
body is isotropic and the line functions mentioned above 
linear, an assumption analogous to the customary neglect of 
terms of an analytic function of degree higher than the first, 


Au = 
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Volterra sketches the theory with some detail. Theoretically 
the elastic problem so formulated involving heredity is com- 
pletely solvable when displacements on the contour are given. 
The steps in the theory are analogous to those outlined for the 
integro-differential equation of Chapter V. 

In Chapter VII a principle which Volterra calls “la condition 
du cycle fermé” is developed at length, and the importance of 
its applications in the theory of heredity is emphasized. If 
the condition of the closed cycle is satisfied in a problem in- 
volving heredity, the so-called coefficients of heredity will be 
functions permutable with unity in the sense described in 
Chapter IX, where the theory of such functions is systematic- 
ally treated. The remainder of Chapter VII is devoted to a 
discussion of heredity in electromagnetic theory, and an 
application in this connection of the integro-differential equa- 
tion of Chapter V. 

In Chapter VIII a solution is given of the problem of the 
isotropic elastic sphere under the influence of heredity, when 
displacements on the contour are prescribed. Many of the 
principles involved in this special though very important 
problem are illustrations of the more general developments of 
later chapters. 

The problem of the isotropic elastic sphere under the in- 
fluence of heredity presents much greater difficulty when the 
tensions instead of the displacements on the surface of the 
sphere are the data given in advance. In order to attain a 
solution Volterra introduces a theory called the composition 
and permutability of functions, and he is led thereby to results 
which far surpass in generality the needs of this special problem. 
There are two kinds of composition, that of the first kind with 
its applications being developed in Chapters IX-XI. For 
two functions F; and F; the result of a composition of the first 
kind is a new function 


The two functions are said to be permutable if 


For a given set of functions the operation of composition 
applied to elements of the set is always associative and, if 
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every pair is permutable, commutative. If the set so found 
is extended to contain all linear combinations of its functions 


of the form 


the properties of associativity and permutability of com- 
position in the set are still preserved, provided that com- 
position for two functions c; + F, ce + Fe is defined by the 
equation 


+ Fi)(c + Fe) = + + + 


But the set permits also a further important extension without 
disturbing these properties. For if in a convergent series the 
variables 21, Ze, - --, Zn are replaced by functions Fj, ---, Fa 
of the set, and multiplications replaced by compositions, the 
new series will be convergent provided only that the moduli 
of F;, F2, ---, F, are finite. Furthermore the series function 
will be permutable with tie ones previously defined. 

By means of these sets of permutable functions, whose com- 
positions obey the laws of algebra described above, a large 
variety of integral and integro-differential equations may be 
solved. For if the equation F(z, 2, ---, zn) = 0, where F 
is analytic at the origin, has a solution z, = f(z1, 22, --+, Zn—1); 
the corresponding integral equation 


Pe, -++, Fa) = 0, 


formed by replacing the variables z by permutable functions 
as described above, has the solution 


F, = f(Fy, Fe, 


Furthermore an algebraic differential equation 


OF oF 
22) °**s Oz,’ )=0 
with a solution F(z1, z2, ---, Zn) analytic at the origin, takes 


the form 


when 2; is replaced by éz; (i = 1, 2, ---, m), and F by f/£. 
If £0, £1, ---, &, are in turn replaced by permutable functions, 


| 
. 
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and multiplications involving these quantities or f and its 
derivatives by compositions, then the last equation becomes 
an integro-differential equation 


whose solution is 
f = PoP +++, 

The function so defined has the remarkable property that it is 
convergent for all values of the variables z. Volterra shows in 
particular that the solutions of the integral or integro-differ- 
ential equations considered in the preceding chapters can be 
reduced in this way to the solutions of ordinary algebraic or 
differential equations, the solutions of the latter being in many 


cases already known. 
An interesting example is the equation 


dU 
—=U+1 
with the known solution 
2 
eee, 


After substitutions of é for z, and V/£) for U, the differential 
equation becomes 


If & is replaced by unity, and ~ by a function F, as agreed 
above, the new integral equation and its solution are 


we, y) + Fe@ & nat, 


z,9) = Nt y+ --. 


Further the addition formula 
U(z + u) = U(z) + U(u) + U(2)U(u) 
gives rise to an integral addition formula 


iV + 


354 FUNCTIONS OF LINES. [ April, 
Veetulz,y) = V@elz,y) + y) 


for the solution of the integral equation. The integral tran- 
scendental function V(z | z, y) so defined plays an important 
réle in the solution of the problem of the elastic sphere with 
displacements on the surface given. The solution of the 
problem when tensions are given may also be effected with the 
help of the theory of permutable functions 

The above results form the content of Chapters IX and X. 
In Chapter XI further questions concerning permutable 
functions of the first kind are discussed. Among them may 
be mentioned a definition of order of a function, the deter- 
mination of all functions permutable with a given function of 
a given order, and the application of these results to the 
solution of integral equations at critical points. 

In Chapters XII and XIII composition and permutability 
of the second kind are defined and applied to the solution 
of integral and integro-differential equations with fixed limits. 
The result of a composition of the second kind on two functions 
F, and F; is defined by the equation 


FF, (2, y) = f u(x, y)dé. 
0 


While the fundamental properties of such compositions are 
similar in many respects to those of composition of the first 
kind, there are still important differences, as one would expect 
from the analogy with the theories of integral equations with 
variable or fixed limits. It will perhaps be sufficient here 
to say that the underlying idea is again to pass from algebraic 
or differential equations to integral or integro-differential 
equations, but this time with limits fixed instead of variable. 
The solutions of the former types of problems will go into 
those of the latter by the substitution of compositions for 
multiplications. 

The final chapter of the Lecons is devoted to a historical 
summary of the more recent developments in mathematical 
theories of mechanics, and a discussion of the place which the 
theory of heredity should take in this domain. Some writers 
have questioned the importance of discussions of heredity on 
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the ground that the behavior of an elastic body, for example, 
is completely determined after a time tp by its state at t = to. 
According to this view the discrepancies between theory and 
observation are due to inadequate experimental facilities for 
the determination of interior initial conditions. Volterra, on 
the other hand, contends that just as bodies react upon each 
other at a distance, so it is possible that tensions and displace- 
ments separated by an interval of time may be related. Even 
if the contention of those who question the philosophical basis 
of the theory is granted, nevertheless the agreement between 
experimental results and the elastic theory involving heredity 
is in itself a justification. It seems clear to Volterra that, in 
view of the difficulty of determining initial conditions ex- 
perimentally, and in the absence of other theories agreeing 
with experiment, the theory of heredity offers the only ex- 
planation at present possible of a large class of phenomena. 
He cites the experiments of Webster and Porter in the theory 
of sound as a cogent illustration, and his own success in the 
mathematical solution of problems in the theory of elasticity 
with heredity must be regarded as a potent argument in favor 
of his point of view. 
G. A. Buss. 


SHORTER NOTICES. 


ist of Prime Numbers from 1 to 10,006,721. By D. N. 
LrenmerR. Washington, D. C., Carnegie Institution of 
Washington, 1914. xvi+133 pp. 

THERE are several reasons why number theorists will wel- 
come most heartily the publication of this volume. 

First, it answers with utmost directness the question, 
arising at almost every stage of number theoretic computation, 
whether or not a proposed number (under ten millions) is 
prime. Here the question of absolute accuracy of a table is 
paramount; the user of such a table has no practical means of 
checking the accuracy of an entry and if he relies upon an 
erroneous entry his conclusions will be wholly wrong. It is 
thus quite different from the case of ordinary tables (those of 
the values of a continuous function), since it is there only a 
question of approximation and a grossly erroneous error should 
be detected by the user of the table. The present table prob- 


/ 


356 SHORTER NOTICES. [April, 


ably possesses the same high degree of accuracy as Lehmer’s 
Factor Table for the First Ten Millions, published by the 
Carnegie Institution in 1909,—the accuracy of which was 
emphasized in the writer’s review in the BULLETIN, volume 17 
(1910-11), pages 36-38. In fact, the present List of Primes 
was compiled from that Factor Table with ample safeguards 
against the introduction of new errors. It is true that the 
Factor Table tells whether a proposed number under ten 
millions is prime or not; but the necessity of condensation 
required the use there of a scheme of entry which demands a 
little extra time and trouble in locating a proposed number. 
Hence the primality of a number is much more easily detected 
by the use of the new table. 

In the second place, the present table affords information, 
more accurate than hitherto obtained, concerning the dis- 
tribution of primes. The table is so arranged that it tells at 
once (and without the loss of space) the rank of a given prime, 
for example, that 17 is the 8th prime. Hence the table tells 
directly the number of primes less than any proposed limit not 
exceeding ten millions. In his Introduction the author has 
tabulated and compared the actual count of primes with the 
values given by the formulas of Riemann, Tchebycheff, and 
Legendre, at intervais of fifty thousand up to ten millions. 
Moreover, he has given an account in simple language of the 
history of those empirical formulas for the number of primes 
less than a given limit. Finally, there is a description of the 
manuscript factor table of Kulik up to a hundred millions. 

In the third place, the publication of this convenient and 
compact table of 133 pages (though of large dimensions) of the 
primes below ten millions has made it practicable that every 
worker in the theory of numbers shall have in his kit this most 
essential tool. 

The printing has been done very clearly on paper selected 
after numerous experiments so as to withstand the ravages 
of time. And this is appropriate for such a monumental 
work. Completed after ten years of arduous work on the 
part of Lehmer and assistants provided by the Carnegie 
Institution, and printed and published by that Institution, 
the Factor Table and the List of Primes form truly a great 
monument both to Lehmer and to the Carnegie Institution. 


L. E. Dickson. 
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The Pell Equation. A history of the equation 2? — Ay’ = 1, 
table of solutions from A = 1,501 to A = 1,700, bibliog- 
raphy, table of continued fractions for VA. By Epwarp 
Everett Wuitrorp. Lancaster, Pa., The New Era Printing 
Company, 1912. iv+193 pp. 

Tuts book presents in a very readable form an historical 
account of this famous problem. The author first discusses, in 
considerable detail, various efforts of the ancient Greek and 
Hindu mathematicians to find rational approximations to 
square roots, showing how these ultimately depend upon 
solutions of special cases of the Pell equation. 

While these efforts and those of later mathematicians to find 
square root approximations do form the historical background 
of this problem, its formulation in general terms was made by 
Fermat in 1657. The author discusses the contributions of 
Lord Brouncker and of Euler toward the solution of the general 
case and justly credits Lagrange with the first rigorous proof 
of its solvability. 

The relation of the Pell equation to the theory of quadratic 
forms is shown in connection with the more modern methods 
of Gauss and Dirichlet. 

The excellent bibliography, together with the tabulated 


continued fraction developments of VA from A = 1,501 to 
A = 2,012, as well as the table of fundamental solutions of the 
Pell equation as indicated in the sub-title, make this a very 
useful book for the worker in this field. 

T. M. Putnam. 


Die Beriihrungstransformationen: Geschichte und Invarianten- 
theorie. Zwei Referate, der deutschen Mathematiker- 
Vereinigung erstattet von H. LiepmMann und F. EncEt. 
(Jahresbericht der deutschen Mathematiker-Vereinigung. Der 
Ergiinzungsbiinde V. Band.) Leipzig, Teubner, 1914. v + 
79 pp. 

In the first of these reports (pages 1-14), Liebmann gives 
an attractive sketch of the historical development of the 
theory of contact transformations. The second report 
(pages 15-77) on “Lie’s theory of invariants of contact 
transformations, and its extension” by Engel is an original 
contribution to the theory in question rather than a report. 
As Engel points out in his introductory remarks, Lie took 
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great pride in using only such methods as he had originated 
himself, even where simplifications due to others could be 
introduced to great advantage. Thus, in the second volume 
of his great work on transformation groups, he not only took 
scant notice of Mayer’s simple and direct derivation of the 
theory of contact transformations, but ignored completely 
the notion of the bilinear covariant of a Pfaff differential 
expression, due to Lipschitz and applied with great success 
by Frobenius. As S. Kantor has indicated in several papers 
published in the Sitzungsberichte of the Vieuana Academy 
(1901-03), Pfaff’s problem and particularly Mayer’s theory 
of contact transformations are greatly simplified by the use 
of the bilinear covariant; however, Kantor’s papers, besides 
containing a considerable number of errors, are extremely 
unsystematic and obscure. 

In the present work, Engel gives a very clear and simple 
exposition, based on the bilinear covariant, of the general 
theory of contact transformations and their invariants, and the 
application to partial differential equations, and elaborates 
the generalization, conceived but never worked out by Lie, 
of the invariant theory to Pfaff expressions in 2n variables. 
The important work of Engel should prove of great value to 
investigators in this field. 

T. H. GRonwaALt. 


Verdnderliche und Funktion. Von M. Pascu. Leipzig, Teub- 
ner, 1914. vi-+ 186 pp. 


Tus little book deals primarily with the fundamental ideas 
at the basis of the theories of variables and functions and 
with their applications or illustrations by means of some of 
the most elementary functions. One finds a treatment of 
such topics as the following: order relations among numbers 
and the associated ideas, kinds of mathematical proof as 
illustrated in the foregoing discussion, point sets, sequences, 
variables and constants, various rational functions and classes 
of such functions, continuity and uniform continuity, exponen- 
tial and logarithmic functions, countable sets, etc. The dis- 
cussion is interspersed with a considerable number of inter- 
esting remarks belonging, one may perhaps say, to the phi- 
losopby of mathematics. 

R. D. CARMICHAEL. 
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Ueber das Wesen der Mathematik. Zweite Auflage. Von A. 

Voss. Leipzig, Teubner, 1913. iv + 123 pp. 

Tue high conception which this author has of the character 
and place of mathematics is shown by the following quotation 
from page two: “Unsere ganze gegenwartige Kultur. . . 
ihre eigentliche Grundlage in den mathematischen Wissen- 
schaften findet.” Nevertheless he believes that mathematics 
is the most unpopular of the sciences. The reason for this 
he finds in the fact that the elementary (undergraduate) 
courses give so small a portion of mathematical doctrine, 
whereas in other sciences the college student is accustomed 
to make far greater headway into their more vital parts. 

After a brief discussion (pages 1-3) of such matters as those 
just mentioned the author gives a short sketch (pages 3-24) 
of the development of mathematics from the earliest times 
to the present. This is followed by a discussion (pages 
24-31) of pure mathematics as a science of numbers and 
(pages 31-81) of the mathematical ideas of the nineteenth 
century. The remainder of the text (pages 81-119) is given 
to a variety of topics such as applications, axioms, progress, 
objective value of mathematics and the reforms in mathe- 
matical instruction. 

R. D. CarMIcHAEL. 


Practical Mathematics. By Norman M’Lacutan. Long- 
mans, Green and Company, 1913. vi-+ 184 pp., including 
answers, tables and index. Price 80 cents. 

“TE aim of the book is to treat those plane and solid 
figures with which engineers are most familiar, in such a 
manner that a student may make calculations on the appli- 
ances he sees and uses in daily life.” 

The author does not attempt to secure this result by a 
mathematical development of the subject, but by giving the 
necessary definitions and formulas and applying them in 
detail to a large number of examples. Methods of calculation 
are given very fully, so that the student who has not had 
experience in the manipulation of formulas and trigonometrical 
tables can readily use the book. In fact, the arrangement is 
such that the majority of students can use the book success- 
fully without an instructor. A text of this sort fills a present 
need. There are many night schools and classes for boys 
who work part time, where the pupils desire only to be able 
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to use mathematics as a tool and do not care for the rigorous 
development of formulas. For such, this book is well suited 
in the subject matter it presents. 

We find in this book the word “trapezium” used for a 
quadrilateral with two sides parallel and the other two not. 
This follows continental rather than English usage. The 
encyclopedias and dictionaries do not agree in their definitions 
of the terms “trapezium” and “trapezoid.” A uniform usage 
of the terms applied to the plane figures seems desirable. 

The author of the book should be criticized for his selection 
of a title. The book has to do with practical problem solving 
and is not a mathematical development of the subject. 
Mathematics means more than substitution in formulas. 

T. E. Mason. 


Elementarmathematik vom héheren, Standpunkte aus. Teil II: 
Geometrie. By F. Kiem. Second edition. Leipzig, Teub- 
ner, 1913. viii + 547 pp. 

In this new edition, the text of the first edition* is repro- 
duced with some minor changes, the literature references are 
brought up to date, and notes (pages 531-546) have been 
added on the following subjects: models illustrating affine 
transformations, the relation of Grassmann’s geometrical con- 
ceptions to the theory of invariants, the foundations of geom- 
etry, and recent developments in the teaching of geometry. 

T. H. Gronwatt. 


Elementare Algebra. Akademische Vorlesungen fiir Studie- 
rende der ersten Semester. By Eugen Netto. Second 
edition. Leipzig, Teubner, 1913. x-+ 200 pp. 

In this new edition, some misprints in the first editiont have 
been corrected, and there are also some slight changes in the 
wording of various propositions. T. H. GRoNWALL. 


Einfiihrung in die Vektoranalysis mit Anwendungen auf die 
mathematische Physik. By Ricuarp Gans. Third edition. 
Leipzig, Teubner, 1913. x-+ 131 pp. 


To the second edition{ of this well-known text a chapter 
* Reviewed by J. W. Young in But.ett, vol. 16 (1909-10), pp. 254- 
me Reviewed by J. H. Tanner in Bu.xetTw, vol. 11 (1904-05), pp. 441- 
‘at Reviewed by H. B. Phillips in Bu.tet1n, vol. 17 (1910-11), pp. 100—- 
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on tensors was added. This chapter has been entirely 
remodeled in the present edition, while the remaining chapters 
show only minor changes. ‘ 


T. H. GRonWALL. 


Darstellende Geometrie des Geléindes. Von RupotFr Rorue. 

Leipzig, Teubner, 1914. Small 8vo. iv + 67 pp. 

Tus pamphlet, forming volume 14 of the “ Mathematische 
Bibliothek” edited by W. Lietzmann and A. Witting, gives a 
very attractive presentation of that part of descriptive 
geometry known as the method of contour lines and familiar 
from its application to topographical maps. The treatment 
is of a quite elementary geometrical nature, and the main 
topics covered are: determination of distances and angles, 
lines of equal slope, intersections of curves and surfaces, and 
computation of areas and volumes. Numerous practical 
applications, mostly to engineering and geology, are given, 
and eighty-two diagrams illustrate the clear and concise text. 

T. H. GRoNWALL. 


Le Hasard. Par Emite Borer. Paris, Félix Alcan, 1914. 

312 pp. 

Tus book belongs to the Nouvelle Collection scientifique 
published by Félix Alcan under the direction of Emile Borel. 
In it the author has given to the public the most interesting 
parts of his lectures and researches on the theory of proba- 
bilities. His principal aim has been to put in evidence the 
réle of chance in various branches of scientific knowledge. 

The work is divided into three parts. The first part con- 
tains a general exposition, remarkably free of formulas, of 
the principles of the theory of chance. The second part is 
concerned with the applications of the laws of chance to several 
sciences, including sociology, biology, physics and mathe- 
matics. Among the physical theories treated are some of the 
most recent, such as reversibility in thermodynamics and 
radioactivity. The third part is devoted to the philosophical 
basis of the laws of chance. 

The book is not mathematical in its treatment. Only the 
most elementary mathematics, usually nothing but simple 
arithmetic, is needed for its reading. The discussions, how- 
ever, are often illuminating. One interested in the general 
problems of science or in the theory of probability will find 
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profit and pleasure in its perusal. It will furnish excellent 
collateral reading in connection with a course on the mathe- 
matical theory of probability. 

R. D. CARMICHAEL. 


An Introduction to the Mathematical Theory of Heat Con- 
duction with Engineering and Geological Applications. By 
L. R. and O. J. Zosex.* Boston, Ginn and 
Company, 1913. vi-+ 171 pp. 

Tus is a text on Fourier’s series and heat conduction. 
The aim of the volume is to make the study of the subject 
more interesting and profitable by presenting along with the 
theory a large number of practical applications. These are 
chosen so-as to make the book of direct service to geologists 
and engineers. Several of the practical problems which thus 
come in are here treated for the first time. The pulse of the 
concrete world throbs in every chapter and it has a healthy 
beat which gives one pleasure. 

This book is intended for the student who has neither time 
nor mathematical preparation to pursue the study at great 
length. Consequently very little attention is given to such 
mathematical aspects of the theory as uniqueness, existence 
and convergence theorems. Hence the book will not be of 
special value to one interested primarily in mathematics. But 
its clear treatment of numerous practical applications will 
render it of distinct service to those for whom it was prepared, 
namely, students of physics and engineering who desire an 
elementary and brief treatment of the conduction of heat. 

The arrangement of material, from a pedagogic point of 
view, is most excellent and deserves to be signalized with 
emphasis. The exposition is clear and interesting. 


R. D. CarMIcHAEL. 


Le Systéme du Monde. Histoire des Doctrines cosmologiques de 
Platon & Copernic. Tome premier. Par PrerrE DuHEM. 
Paris, Hermann, 1913. 512 pp. 

THE whole of the present volume is given to an account of 
the Hellenic cosmology beginning essentially with that of 
Plato. In order that the reader may understand better the 
doctrines of Plato and his successors a brief exposition is first 
given (pages 5-27) of the earlier astronomical teachings of 
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Pythagoras and the school founded by him. Following this 
is an illuminating account of the cosmology of Plato (pages 
28-101) and certain developments of it among his followers 
(pages 102-129). 

The most interesting part of the book is that (pages 130- 
241) in which the “physics” of Aristotle is treated. 

The remaining four (of the eight) chapters deal in order 
with the following topics: the theories of time, space, and the 
void after Aristotle (pages 242-350); the dynamics of the 
Greeks after Aristotle (pages 351-398); the heliocentric 
astronomies (pages 399-426); the astronomy of excentrics 
and epicycles (pages 427-496). 

Throughout the book the work of the author seems to have 
been done with care. The exposition is good. The matter 
brought together is of the highest interest to every student 
of the history of science. There is, however, but little of it 
which makes a special appeal to the mathematician as such; 
and that little consists of such beginnings of mathematical 
sciences as Aristotle’s argument (see pages 213-214) to prove 
the sphericity of the surface of still water, this being the 
first instance (according to our author) in which mathe- 
matical reasoning has been used to establish a law of equi- 
librium for heavy liquids. 

R. D. CarMicHAEL. 


Cours de Mécanique. Vol. I. By Lfon Lecornv. Paris, 

Gauthier-Villars, 1914. vii++-536 pp. 

In preparing the course in mechanics given at l’Ecole Poly- 
technique Professor Lecornu has apparently met difficulties 
similar to those encountered by the teachers in the technical 
schools of America. In the first place the time alloted to the 
subject is only 37 lessons for each of two years. This has 
made it necessary to put a portion of the kinematics of a 
point into the entrance requirements, and to transfer kine- 
matics of machines to the course in geometry and the theory 
of the potential to the course in analysis. All of these topics 
are, however, discussed at length in the present volume. 

In the second place the author has had to resist a demand for 
the teaching of practical applications with the necessary 
omission of much of the pure theory. He is firm in his belief 
that the course in I’Ecole Polytechnique should be purely 
theoretical. His position is stated in the preface and, among 


364 SHORTER NOTICES. [April, 


some quotations in support of it, the following from General 
Langlois is particularly interesting. “The officers who leave 
the school at the end of one year are, in general, inferior to 
their comrades in the matter of studying logically and deeply 
a scientific question of tactics or organization. The method of 
work indispensable to every man of action demands im- 
periously the study of a science to its foundations, a study 
which makes the intellect supple and develops a habit of 
logical deduction necessary to one who commands.” 

The first part of this volume consists of a chapter on vectors 
and one on displacements of a rigid body. In the second part 
the subject of the kinematics of a point and a solid body is 
presented in the usual manner. The application of kine- 
matics to the theory of machines is quite extensive. Follow- 
ing a classification attributed to Willis, elementary machines 
are arranged in three classes according as the ratio of trans- 
mission is (a) constant in magnitude and sign, (6) variable in 
magnitude but constant in sign, or (c) variable in both mag- 
nitude and sign. Each class is subdivided into three kinds 
according as the transmission is by (a) direct contact, (b) a 
rigid intermediary, or (c) a flexible intermediary. The author 
then gives many examples and develops the theory involved in 
each subdivision. Statics and dynamics of a point form the 
subject of the third part, which includes the general principles 
of mechanics, the theory of the newtonian potential, the motion 
of a free particle in constant and central fields of force, a short 
section on ballistics, and the motion of a particle on a curve and 
onasurface. The last part is devoted to the statics of systems 
of bodies. 

Much of the material in the first volume is taught in courses 
other than the one for which this text has been prepared and 
is included here for review or reference. Announcement has 
been made that the second volume is in press and the third in 
preparation. 

The book contains no problems for solution by the 


student. 
W. R. LonGciey. 


Problémes de Mécanique et Cours de Cinématique. By C. 
Guicuarp. Paris, A. Hermann et Fils, 1913. 156 pp. 


Tus little book has been edited by MM. Dautry and Des- 
champs and published by I’Association générale des étudiants 
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de Paris. It represents a course given at the Sorbonne in 
1912 by Professor Guichard to the candidates for the “certifi- 
cat de mécanique rationnelle.” 

The first four chapters contain solutions of the problems 
proposed under the following headings: plane kinematics, 
kinematics of a solid body, dynamics of a point and geometry 
of masses, and dynamics of systems of bodies. The remainder 
of the book (about 70 pages) is devoted to an exposition of 
the theories of kinematics. 

W. R. Lonetey. 


NOTES. 


THE twenty-second summer meeting of the American 
Mathematical Society will be held at the University of Cali- 
fornia and Stanford University on Tuesday-Thursday, August 
3-5. Titles and abstracts of papers intended for presentation 
at this meeting should be in the hands of the Secretary by 
July 5. 


Tue March number (volume 16, number 3) of the Annals 
of Mathematics contains the following papers: “Note on nor- 
mal sections of a surface in a space of n dimensions,” by C. L. 
E. Moore; “An algebraic treatment of the theorem of 
closure,” by A. A. Bennett; “An integral equation of the 
Volterra type,” by T. H. Gronwat1; “The linear continuum 
in terms of point and limit,” by R. L. Moore; “A plane cubic 
Cremona transformation and its inverse,” by F. M. Morgan; 
“Relation between the roots of a rational integral function and 
its derivative,” by Frank Irwin. 


Tue forty-third meeting of the French association for the 
advancement of science was held at Havre July 27-30 under 
the presidency of A. GautTHteR. M. Bresse was chairman 
of the mathematical section, before which the following papers 
were presented: “History of calculating machines,” by A. 
Gérarpin; “On the periodic movement of a viscous fluid,” 
by R. Mesny; “On Foucault’s pendulum” and “The conic 
and sextic integrals of two homogeneous linear differential 
equations of the second order,” by G. Bresse; “Note in 
memory of Henri Poincaré,” by E. LEnon; “Indeterminate 


| 


366 NOTES. [April, 


analysis and factorization,” by A. Gérarpin; “On the cycle 
of singular algebraic points,” by M. PEtiet; “New method 
of graphic elimination of the unknowns in a system of linear 
equations,” by F. Boutap; “On minimal surfaces” and “Imagi- 
naries in the problems of infinitesimal geometry,” by M. 
CuiaPieR; “Some properties of the lemniscate of Bernoulli” 
and “Heronian triangles,’ by E. N. Barisren; “Tables of 
quotients to the base 300 constructed from progressions ac- 
cording to the last figure of the numbers,” by C. BouLOGNE; 
“Tntegration and measure in abstract assemblages,” by M. 
Frécuet; “The theorem of Dirichlet on the arithmetic pro- 
gression,” by L. Ausry; “Elementary remarks on descriptive 
geometry and perspective,” by C. HaLtpHen; “Geometry in 
the teaching of mathematics,” by J. Ricnarp; “ Developables 
of algebraic curves” and “ Heronian triangles,” by M. WELSCH. 


A MEETING of the London mathematical society was held 
January 14. The following papers were read: By H. H. Mac- 
DONALD, “ A class of diffraction problems ” ; by H. E. J. Curzon, 
“Halphen’s transformation”; by A. Younc, “A Christmas 
problem in probabilities ”; by E. H. Berwick, “ The condition 
that a quintic equation should be solvable by radicals”; by 
J. Larmor, “ The variation of the earth’s angular velocity of 
rotation.” 


Tue following parts of the Encyklopaidie der mathemati- 
schen Wissenschaft are in the press, and may be expected in 
a few weeks: II C 2, Graphical and numerical quadrature 
and graphical and numerical integration of ordinary and par- 
tial differential equations, by C. RunGE and F. A. WILLERs; 
II C 3, Recent investigations of functions of real variables, 
by E. Boret, M. Frécuet, P. Monte, and L. Zoretrtt. 
III 1, Elementary geometry and elementary non-euclidean 
geometry (conclusion), by M. Zacuartas; III 1, Geometry 
of the triangle, by G. BerKHAN (deceased); III 2, Special 
plane algebraic curves, by G. Loria; III 3, Fundamental 
properties of algebraic surfaces, by G. CasTELNUOVO and F. 
Enriques; III 3, Algebraic surfaces from the standpoint of 
birational transformations, by G. CasTELNUOVO and F. En- 
RIQUES; III 3, Contact transformations, by H. LirBMaANN; 
III 3, Geometric theory of differential equations, by H. Lres- 
MANN; V 3, Optics of waves, by M. v. Lave; VI 1 B, Terres- 
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trial magnetism, by A. Scumipt; VI 2, Theory of the planets, 
by K. F. Sunpman; VI 2, Theory of the earth’s moon, by E. 
W. Brown. 

The general editorship of volume II, analysis, will be con- 
ducted by Professor R. Fricke. 

Work on the publication of the French edition has been 
suspended. 


THE mathematical society of Amsterdam has just pub- 
lished the first of the two volumes of the complete edition of 
the works of T. J. Srre.tses, containing the papers of the 
years 1876-1886. 


THE second part of each volume of the second German edi- 
tion of Pascal’s Repertorium der héheren Mathematik has 
long been announced as in press. It is now expected to 
publish both parts during the next few months. 


Wiey and Sons, of New York, announce that HENDERSON’s 
“Statistics and laws of mortality” will be published in June 
of this year. 


Tue United States Bureau of Education has just issued a 
new bulletin of the International commission on the teaching 
of mathematics. This is entitled Curricula in Mathematics 
and has been prepared by Mr. J. C. Brown, of the Horace 
Mann School, New York City. It sets forth the work done 
in each school year of the standard type of course in each of 
the leading countries of the world. Copies may be obtained 
by addressing the Bureau of Education at Washington. 


Mitan Tecunicat The following courses in 
mathematics are being given during the present year (Novem- 
ber 24, 1914-June 30, 1915):—By Professor A. Jormni: Ana- 
lytic geometry, four hours.—By Professor U. Cisort1: Mathe- 
matical analysis, seven hours (for engineers).—By Professor 
G. ToMasELLI: Mathematical analysis, four hours (for archi- 
tects).—By Professor C. CAPELLI: Projective and descriptive 
geometry, nine hours.—By Professor M. ABraHam: Rational 
mechanics, five hours.—By Professor G. Forni: Rational 
mechanics, three hours (second term, for architects). All 
these subjects must have been completed before a student can 
register in the major three year course. 

Professor G. Juna has been made professor emeritus. 
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Proressors A. SCHOENFLIEs and L. BreBERBACH have been 
appointed professors of mathematics in the University of 
Frankfurt. 


Proressor E. SALKowskI, of the technical school at Berlin, 
has been appointed professor of mathematics in the technical 
school of Hanover. 


Dr. O. Davuzer has been appointed docent in projective 
and descriptive geometry at the technical school of Vienna. 


Mr. L. G. Owen has been appointed professor of mathe- 
matics in the Government College at Rangoon. 


Proressor A. D. Prrcuer, of Dartmouth College, has been 
appointed professor and head of the department of mathe- 
matics in Adelbert College of Western University. 


Drs. Epwarp KircHer and G. A. Preirrer have been ap- 
pointed to the recently established Benjamin Peirce instruc- 
torships at Harvard University for the year 1915-16. 


Dr. W. DEIMLER, of the technical school at Munich, was 
killed in battle, at the age of 30 years. 


Proressor G. HouzMiLuEr, of the industrial school at 
Hagen, died November 27, at the age of 70 years. 


Dr. A. LacKNER, of the technical school at Vienna, was 
killed in battle in November, at the age of 29 years. 


Proressor G. Prronp1nI, of the technical institute of Rome 
died January 17, at the age of 57 years. 


Proressor S. W. Suatruck, of the University of Illinois, 
died on February 13, at the age of 74 years. Professor Shat- 
tuck was connected with the mathematical department as 
professor and head of the department from 1868 to his re- 
tirement from active service in 1912. He had been a member 
of the American Mathematical Society since 1891. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BaErwatp (H.). Ueber das ig der Naturgesetze. Antrittsvorlesung. 
Heidelberg, G. Koester, 1914. 2 


Beranex (A.). Zur sphirischen ‘Abbildung der Flachen zweiter Ordnung 
stereographischen Projektion. Baden b. Wien, 1913. Gr. 
vo pp. 


BerscuiER (F.). Ueber Integraldarstellungen, welche aus speziellen 
Randwertproblemen bei gewéhnlichen linearen inhomogenen Diffe- 
rentialgleichungen entspringen. (Diss.) Wirtzburg, 1914. 


Brancui (L.). Lezioni di analitica. Pisa, E. Spoerri 
otti), 1915. 8vo. 4+604 22.00 
Boupr (A.). Des Ende des Spukes. Allgemeiner wahr- 
Beweis zu der Behauptung: Unméglich sind Glei- 

chungen a lah 5 = 24 (x, y, z, ganze Zahlen, A > 2). Grosser 
Fermatscher Satz aumburg, 1914. 8vo. 16 pp. M. 1.80 


Bovuuieaup (G.). Sur les fonctions de Green et de Neumann du cylindre. 
Paris, 1914. 4to. 81 pp. 


CuaPeton (J.). Sur les relations entre les nombres des classes de formes 
payee binaires de déterminant négatif. Paris, 1914. to. 
pp. 
Coteman (P.). Coordinate geometry: an elementary course. re 
Clarendon Press, 1915. 8vo. 


ConTENSON (L. DE). La certitude i. Les fondements rr 
matiques dans l’hypothése de la Se critique (systéme car- 
téso-kantien). San, Gauthier-Vi 1914. 8vo. 93pp. Fr.3.25 


Corripore (F.). Elementi di calcolo infinitesimale, per gli studiosi di 
ge Roma, E. Loescher e C.: W. Regenberg e C. 6 tip). 
vo. 


(E. R.). Der Satz des Fermats. 3te durch den 
Beweis des Satzes vermehrte Auflage. Berlin, 1914. Gr. 8vo. oe 


Dineter (H.). Das Prinzip der logischen Unabhangigkeit in der Mathe- 
matik zugleich als Einfiihrung in die Axiomatik. Miinchen, T. Acker- 
mann, 1915. Gr. 8vo. 8+164 pp. Geh. M. 5.00 


F. R. S. Calculus made easy. 2d edition. London, Macmillan, 1914. 
8vo. 11+265 pp. 2s. 


Genzer (O.). Die Konfigurationen der ebenen Vierecke und Vierscite, 
ihre apolaren Beziehungen zu Kegelschnitten und die involutorische 
quadratische Verwandtschaft. (Diss.) K6nigsberg i. Pr., 1914. 


Harpy (G.H.). A course of pure mathematics. 2d edition. ees “4 
University Press, 1914. 8vo. 12+443 pp. 12s. 


Kern (F.). See Scuouren (J. A.). 


Kénic (J.). Neue Grundlagen der Logik, Arithmetik und 
Leipzig, Veit, 1914. 8+259 pp. M. 8.00 
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(G.) et Poucer (E.). Cours de géométrie analy & V'usage 


e la classe de mathématiques les et des 
du gouvernement. 2 vols. Vol. I: a 
Paris, = 8vo. 484 pp. Fr. nae 


Pascat (E.). teoria delle funzioni di linee 
riemanniani delle funzioni di linee; le formole di Green e di Stokes per 
le funzioni di linee. Napoli, tip. r. Accademia delle Scienze fisiche e 
matematiche, 1914. 8vo. 34 pp. 


Petersen (H.). Die Bedeutung kubischer Determinanten fir die Klassi- 
fikation der biniren und terniren kubischen Formen. (Diss.) 
Freiburg i. B., 1914. 


Poxerti (L.). Resultati teorico-pratici di una radicale modificazione del 
crivello di Eratostene: la tavola dei numeri primi, per gli intervalli dei 
primi 100,000 numeri oltre dieci milioni e dei primi 10,000 numeri 
oltre un miliardo. Parma, L. Bettei, 1914. 4to. 47 pp. 


Poucet (E.). See (G.). 


Rirz (W.). Projektive Gruppen des Raumes, ihre Invarianten und geo- 
terisirung. Kénigsberg, 1913. 8vo. 107 pp.+3 
es. 


REPERTORIO di matematiche superiori. 2a edizione riveduta. liver, 
R. Giusti, 1915. 24 mo. 7+232 pp. L. 1.80 


Rocers (R. A. P.). See Satmon (G.). 


). Scientific method in philosophy (Herbert Spencer 
rd, Clarendon Press, 1914. 30 pp. 8vo. 


(E.). See (W.). 


Satmon (G.). A treatise on the analytic geometry of three dimensions. 
5th edition, edited by R. A. P. Rogers. Vol. II. London, Longmans, 
1915. 16+334 pp. 7s. 6d. 


Scuett (W.). Allgemeine Theorie der Kurven doppelter Krimmung 
3te Auflage, bearbeitet von E. Salkowski. Leipzig, Teubner, 1914, 
Cr. 8vo. 11+196 pp. M. 8.00 


ScuouTen (J. A.). Grundlagen der Vektor- und Affinoranalysis. Mit 
einem Einfithrungswort von F. Klein. Leipzig, Teubner, 
1 


Traverso (N.). Sulle equazioni ricorrenti lineari del 2° ordine a coef- 
ficienti costanti e su alcune particolari equazioni ricorrenti lineari di 
ordine superiore al 2°. Livorno, tip. R. Giusti, 1914. 8vo. 35 pp. 


Vermett (H.). Das Naherungsverfahren ¢(n-1) und seine Anwen- 
dung auf Theorie und Praxis algebraischer und transzendenter Glei- 
chungen. (Diss.). Leipzig, 1914. 


Dre VorsinpuNnG zum Studium in der r philosophischen Fakultaét. Denk- 
schrift der philosophischen Fakultét der Universitat Géttingen. 
Leipzig, Teubner, 1914. 8vo. M. 0.80 


ZoreEtt!1 (L.). Exercices numériques et gra de mathématiques sur 
les ‘‘ Lecons de mathématiques générales.” Paris, Gauthier-Villars, 
1914. 8vo. 16+128 pp. Fr. 7.00 


II. ELEMENTARY MATHEMATICS. 


Carstaw (H. 8.). Plane trigonometry. New edition. Mac- 
millan, 1915. 8vo. 18+299+11 pp. 4s. 6d. 
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—. Solutions of in Carslaw’s Plane trigonometry. Boy 
don, Macmillan, 1 6s. 6d. 


(A. G.). The laws of algebra. London, University 
Press, 1915. 8vo. 6+68 pp. 


Fer (H.). Compte rendu de la Conférence internationale de a 
a <7 rie tenue & Paris du ler au 4me avril 1914. Genéve, 
rg, 


GastapI (L.). I logaritmi volgari a quattro ed a tre decimali e le loro 
applicazioni: tavole dei logaritmi dei numeri fino a 20,000 e delle 
funzioni circolari di minuto in minuto primo, tanto per ‘la divisione 
centesimale del quadrante quanto per la sessagesimale; tavole sus- 
sidiarie complete eseguire senza interpolazioni i calcoli della 
celerimensura. Milano, A. Vallardi, 1914. 8vo. 39-+58 pp. 


Grsson (S.). A senior mental arithmetic. London, Bell, 1914. 1s. 6d. 


Gieur (D.). Lezioni di aritmetica e di algebra elementare ad uso delle 
scuole secondarie superiori. I: I numeri interi; i numeri razionali. 
Pavia, Mattei, 1914. 8vo. 263 pp. L. 2.50 


Gurzmer (A.). Zum Jubilium der Logarithmen. Rektoratsrede. 
zig, Teubner, 1914. .80 


Wottetz (K.). Arithmetik und Algebra fiir die 5., 6. und 7. Klasse v4 
Realschulen. Wien, Pichler, 1914. 262 pp. ‘Geb. Kr. 3 


Ill. APPLIED MATHEMATICS. 


Amaturo (E.). Metodi grafici per la ceritutene dell’ ellisse centrale e del 
nocciolo di una sezione poligonale qualunque. Napoli, tip. r. Ac- 
delle Scienze fisiche e 1914. 8vo. 7 pp.+2 
tables. 


Bartiett (L.). Etude sur le jeu de la roulette: systéme de prendre note 
des boules extraites, mathématiquement sir et mathématiquement 
démontré, pour éviter au jeu de la roulette les écarts et gagner, au lieu 
de payer, en moyenne, la prime sur le zéro, jouant toujours la méme 
somme sur noir et rouge. Partie théorique. me, coop. tip. Manuce, 
1914. 8vo. 19 pp. L. 5.00 


Contarino (F.). Media aritmetica, media probabile e media pid proba- 
bile: communicazione alla Societa degli ingegneri, architetti ed indus- 
triali in Napoli. Napoli, tip. A. Trani, 1914. 8vo. 12 pp. 


Dyck (W. v.). Ueber einige neue Apparate zur mechanischen Integration. 
Miinchen, 1914. M. 0.80 


Hauser (W.). Hydraulik. 2te vermehrte Auflage. Leipzig, 1914. 
12mo. 151 pp. Cloth. M. 0.90 


Hrssins (W. G.). Elementary applied mechanics: rules and definitions. 
New edition. London, Longmans, 1914. 6d. 


Laura (E.). Sopra il problema esterno della dinamica dei mezzi elastici 
isotropi. Torino, tip. V. Bona, 1914 4to. 22 pp. 


Micuntk (H.). Beitrige zur Theorie der Sonnenuhren. liter Teil. Leip- 
zig, Teubner, 1914. 
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Parruier (H.). Das technische Leistungssystem in der Pensions- und in 
der Todesfallsversicherung. Wien, 1914. Gr.8vo. 49 pp. 


Pick yy J.). Dieelementaren Grundlagen der astronomischen Geographie. 
4te Auflage. Wien, Manz, 1914. 179 pp. 


Ricwarpson, (S. §.). Magnetism and electricit; the prin- 
ciples of electrical measurements. New edi mdon, Blacks, 
1914. 9+598 pp. 


Scupper (H.). The electrical San a and ionization constants of 
organic compounds. A bibliograph: the periodical literature from 
1889 to 1910 inclusive, including all important work before 1889 and 
corrected to the of 1913. Giving numerical data for the 
——— constants at temperatures at which they have omg 

; and some numerical data of the electrical conductivi 
Son York, Van Nostzand, 1914. 8vo. 570 pp. Cloth. $3. 


SourHatt (J. P.C.). The principles and methods of geometrical optics, 
oper as applied tot en of optical instruments. New ork, 
acmillan, 1913. 23+626 pp. $5.50 


Sricxet (P.) Die mathematische Ausbildung der Architekten, Chemiker 
und Ingenieure an den deutschen technischen Hochschulen. (Ab- 
handlung iiber den mathematischen Unterricht in Deutschland, Band 
IV, Heft 9.) Leipzig, Teubner, 1915. 18+-198 pp. Geh. M. 6.80 
Vaucier (A.). Notes additionnelles 4 la théorie de l’échelle musicale 
mathématique. Paris, Gauthier-Villars, 1914. 8vo. 16 
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